Note: Fokker-Planck equation of Langevin Dynamics
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We consider the following Langevin dynamics:
do, = v(0,)dt + v2dW,, (1)

where v : R? = R? is a smooth velocity and (W)¢>0 is the standard Brownian motion on R with
Wy = 0. We recover Langevin dynamics when v(f) = —V f(#). Following Vempala and Wibisono
(2019), we explain the evolution of the probability distribution p:(6) of 6; can be described by
the Fokker-Planck equation in weak sense.

B,
% ==V (p) + Apy. (2)

Let ¢ : RY — R be any smooth test function. Then, by (1), we get with n > 0,
t+n
Oty = 0¢ + / v(05)ds + V2(Wipy — Wi)
t
= 915 + 77’1)(975) + \/§(Wt+n - Wt) + 0(7]2)

L 9, +no(8:) + /212 + O,
where Z ~ N(0,1) is independent of 6; because Wy, — Wy ~ N(0,I). Therefore,

6(0r1n) = B0 +10(0) + /20 Z + O(n?))
= ¢(00) + 1V (6:) T0(0,) + 20V (0,) " Z + nZTV?$(0,)Z + O(n*'?).
Noting Z is independent of 6;, we take the expectation of both sides:

[ 6010110616 = [ (6)01(6)d6 -+ B[V 0(61) Tv(6r) + 2766 2) + O?)
— [ 6(6)01(6)28 + HEV6(8) (0] + WELAG(6)] + O(*"),
where we used E[Z T V2¢(0;)Z] = E[A¢(6;)]. This implies
[otas = [ (v60)7o(0) + 56(0)) ()00

- / (D(0)Y - (p1(0)0(6)) + 6(6) Apy(6)) do.

Hence, we get eq. (2).
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