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We consider the following Langevin dynamics:

dθt = v(θt)dt+
√
2dWt, (1)

where v : Rd → Rd is a smooth velocity and (Wt)t≥0 is the standard Brownian motion on Rd with
W0 = 0. We recover Langevin dynamics when v(θ) = −∇f(θ). Following Vempala and Wibisono
(2019), we explain the evolution of the probability distribution ρt(θ) of θt can be described by
the Fokker-Planck equation in weak sense.

∂ρt
∂t

= −∇ · (ρtv) + ∆ρt. (2)

Let ϕ : Rd → R be any smooth test function. Then, by (1), we get with η > 0,

θt+η = θt +

∫ t+η

t

v(θs)ds+
√
2(Wt+η −Wt)

= θt + ηv(θt) +
√
2(Wt+η −Wt) +O(η2)

d
= θt + ηv(θt) +

√
2ηZ +O(η2),

where Z ∼ N (0, I) is independent of θt because Wt+η −Wt ∼ N (0, I). Therefore,

ϕ(θt+η)
d
= ϕ(θt + ηv(θt) +

√
2ηZ +O(η2))

= ϕ(θt) + η∇ϕ(θt)
⊤v(θt) +

√
2η∇ϕ(θt)

⊤Z + ηZ⊤∇2ϕ(θt)Z +O(η3/2).

Noting Z is independent of θt, we take the expectation of both sides:∫
ϕ(θ)ρt+η(θ)dθ =

∫
ϕ(θ)ρt(θ)dθ + ηE[∇ϕ(θt)

⊤v(θt) + Z⊤∇2ϕ(θt)Z] +O(η3/2)

=

∫
ϕ(θ)ρt(θ)dθ + ηE[∇ϕ(θt)

⊤v(θt)] + ηE[∆ϕ(θt)] +O(η3/2),

where we used E[Z⊤∇2ϕ(θt)Z] = E[∆ϕ(θt)]. This implies∫
ϕ(θ)

∂ρt
∂t

dθ =

∫ (
∇ϕ(θ)⊤v(θ) + ∆ϕ(θ)

)
ρt(θ)dθ

=

∫
(ϕ(θ)∇ · (ρt(θ)v(θ)) + ϕ(θ)∆ρt(θ)) dθ.

Hence, we get eq. (2).
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